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^ '. 1 Introduction 

ON 

O ■ 

• . In this paper we will prove two existence results for representations of finitely 

f— ^ I presented groups into compact, connected Lie groups. The results are most 

cn ' elegantly stated when the group is realized as the fundamental group of a 

finite, connected 2-dimensional CW complex X, as the conditions depend 
only on the cohomology of X. This viewpoint also reveals the relations to 
k> ' gauge theory on 3-manifolds, in which this work has its origin. 

^ ■ We now state our main results. Throughout the paper we use inte- 

gral coefficients for (co)homology unless otherwise specified. The j'th Betti 
number will be denoted bj. 

Theorem 1.1 Let b2{X) = 0, and suppose 71, ... ,7,- € 7ri(X) map to lin- 
early independent elements of Hi{X;Q), where r > 1. Then for any com- 
pact, connected Lie group G and any ti, . . . ,tr G G there exists a homomor- 
phism (j) : vri(X) — > G such that (jy^ji) = ti for i = 1, . . . , r. 
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A reformulation of the theorem in terms of finitely presented groups is 
given in Theorem 12. li 

Since the group homology H2{tti{X)) = 0, a theorem of Stallings [171 
Theorem 7.4] says that the elements 71, ... ,7^ form a basis for a free sub- 
group of 7ri(X). This also follows from Theorem I l.H because S0(3) contains 
a free subgroup F2 of rank 2 [19', Theorem 2.1] and F2 contains free sub- 
groups of any finite rank. 

We now describe our second existence theorem. Suppose 62 (X) = 1 and 
let o" be a generator of H2{X) ~ Z. Then 

fio:H^{X)xH'^{X)^Z, (a, /3) ^ (a U /?, a) 

is bilinear and skew-symmetric, so it defines an element 

fi e A\Hi{X)/T), 

where T C Hi{X) is the torsion subgroup. 

The image of an element 7 € '7ri(X) in Hi[X)/T will be denoted 7. 

Theorem 1.2 Let h2{X) = I, and let w G H^{X;Z/2) with {zu,a) / 0. 
Suppose 71, . . . ,7r-2 G 7ri(X) satisfy 

;^ A 71 A • • • A 7r_2 / (1) 

in the exterior product K^{Hi{X)/T), where r > 2. Then there exists a 
homomorphism (p : '7ri(X) -^ S0{3) such that (j){'yi) = 1 for i = 1, . . . ,r — 2 
and u}2{(p) = w . The image of such a homomorphism <j) is not contained in 
a maximal torus in S0{3). 

The Stiefel- Whitney class 0J2{(f) is defined in Section [5l Note that the 
Hurewicz homomorphism 7r2(X) — > H2{X) is zero, because // 7^ 0. There- 
fore, /72(^i(X)) ~ Z- 

Theorem 11.21 will be deduced from the more explicit Theorem 14. H which 
concerns representations of free groups in SU(2). 

We now describe some relations of this paper to 3-manifold topology. Let 
y be a compact, connected, oriented 3-manifold with non-empty boundary. 
By \W, Prop. 4.2.7 and 4.2.13] Y has a handle decomposition with no 3- 
handles (and only one 0-handle), and with handles attached in order of 
increasing index. Hence, Y is homotopy equivalent to a 2-complex X, so 
Theorems 11.11 and 11.21 apply with Y in place of X. (In fact, the author 
came across these theorems while studying moduli spaces of Bogomolny 
monopoles over such manifolds Y.) 



Now suppose b2{Y) = 1. Then the boundary dY can have at most two 
components. The form /xq can be thought of as a triple cup product, because 
if a' € H^{Y, dY) is the Poincare dual of a (identifying the (co)homology of 
X and Y) and [Y] G H^{Y, dY) is the fundamental class then 

(aU/3,CT) = (aU/3Ucr', [Y]). 

It is not hard to see that if a lies in the image of H^{Y, dY) — )• H^(Y) then 
i-ailJ') = 0, where ta denotes contraction with a. This implies that /i = if 
dY is connected and bi(Y) < 3. 

As an example, let V be an oriented integral homology 3-sphere and L an 
oriented link in V with components Li,L2- Let Y C V he the complement 
of an open tubular neighbourhood of L. Then b2{Y) = 1, and fi is easily 
computed using the formula dH) in Section [6l Namely, if a, b is any basis for 
Hi{Y) = 1? then 

^ = ±lk(Li, L2) a A 6, 

where Ik denotes the linking number. Thus, if the linking number is non-zero 
then Theorem II. 21 asserts the existence of a flat connection in the non-trivial 
S0(3) bundle over Y . This instance of the theorem can also be deduced from 
a result of Harper-Saveliev [9J. 

It clearly suffices to prove Theorems II. II and II. 21 for r = b\{X). Whereas 
the proof of Theorem 11.11 consists in computing the degree of a certain 
diffeomorphism of G", where n is the ffist Betti number of the 1-skeleton of 
X, the main point in the proof of Theorem 11.21 is to express the quantity 

|r| det(^ A 71 A • • • A 7r-2) 

as an intersection number in the space Q* of conjugacy classes of irreducible 
representations F„ -^ SU(2), where F„ denotes the free group on n genera- 
tors. This is reminiscent of the definition of Casson's invariant as an inter- 
section number [1] . There are also several examples of invariants of knots or 
links that can be expressed as intersection numbers, see for instance [IStHjIH]. 
The proof of Theorem 1 1 . 1 1 is given in Section [2l The non-trivial ingredient 
here is Proposition 12.1} which provides a formula for the degree of the dif- 
feomorphism of G" defined by an n-tuple of elements of Fn ■ The remaining 
sections of the paper are occupied with the proof of Theorem 11.21 In Sec- 
tion [3] a collection of submanifolds of Qn is exhibited that represents a basis 
for the homology group ff3„_6((55^; Q). In Section |4] this is used in combi- 
nation with the degree formula to compute an intersection number, thereby 
proving the existence of certain representations F„ — > SU(2). Section [5] de- 
scribes the second Stiefel- Whitney class of a representation '/ri(X) -^ S0(3) 



in terms of the cellular homology of X. Section [6] provides a formula for the 
2-form n when the generator a is represented by a map from a closed surface 
into X. In Section [7] these ingredients are brought together to prove Theo- 
rem 11.21 In the appendix a linearization map is defined on the commutator 
subgroup of any group whose second rational homology group vanishes; this 
may shed some light on the formula for /x. 

Acknowledgements: I wish to thank J. E. Andersen, M. Bokstedt, R. 
Penner, N. Saveliev, and G. Subhojoy for valuable conversations and T. 
Sakasai for helpful correspondence. I am also grateful to S. Krushkal and 
V. Turaev for making me aware of Stallings' theorem on free subgroups. 

2 Representations and degrees 

Throughout this section G will denote a non-trivial compact connected Lie 
group of rank m. 

Let Fn be the free group generated by the symbols yi, . . . ,yn- We identify 
the abelianization of Fn with Z". The image of an element w a Fn in Z" 
will be denoted u). Each element w of F„ defines a map 

WG-G'' ^ G. 

Namely, wcigi, . . . , 5n) is the image of w under the unique group homomor- 
phism Fn ^ G that maps the generator y^ to gi. 

The following proposition will be essential to the proofs of both Theo- 
rem [TTT] and Theorem II. 2 [ 

Proposition 2.1 If wi, . . . ,Wn G Fn then the induced map 

/:=(u;i)gX---xK)g:G"^G" 

has degree deg(/) = {det{wi, . . . ^Wn))"^- 

The proof will make use of the following simple lemma, whose proof is 
left to the reader. 

Lemma 2.1 Let V and W he closed, oriented smooth manifolds, with W 
connected. Suppose 

f :V xW ^V, g:W ^W 

are smooth maps and set 

h:VxW^VxW, {x,y)^{f{x,y),g{y)). 



Let hq ^ W and set fo : V ^- V, x i— >• /(x,yo)- Then the degree of h is 
given by 

deg{h) =deg{fo)deg{g). D 

Proof of Proposition \2. 1[ The proof is divided into six parts. 

(i) By a theorem of Hopf [llj (see also ^ p. 174]) the p'th power map 

hp-.G^G, g^ g'P 

has degree deg(/ip) = p^ for every integer p. 

(ii) Let the maps fi, fi' : G x G ^ G he given by 

K9,h)=gh, fi'{g,h)=hg. 

Then fj, and fi' induce the same map in real cohomology. To see this, let 

L = iG:G^G, g^g'^. 

Then i*x = (-l)'^x for any x G H'^{G;R), since H*{G;R) can be identified 
with the algebra of bi-invariant differential forms on G (see [6j p. 163]) and 
L induces the antipodal map on the tangent space of G at the identity. Now 
observe that 

fl' = LG o fio LGxG- 
(iii) Suppose Wi is expressed as a product of four elements of F„, 

Wi = WiiWi2Wi3Wi4. 

Then it follows from (ii) and the Kiinneth formula for cohomology that the 
degree of / does not change if Wi is replaced by Wii'Wi3'Wi2Wi4. 

(iv) Given integers i,j, k satisfying I < i,j < n and i ^ j let u : G" — )• G" 
be defined by 

uigi,... ,gn) = igi,...,gi-i,giigj)^,gi+i,... ,gn)- (2) 

Then u is an orientation preserving diffeomorphism, hence it has degree one. 
(v) It is well known that dim G = m mod 2. Therefore, if fa : G" — )• G" 
is the diffeomorphism defined by permuting the factors of G" according to 
a permutation a then 

deg(^) = sgn(a)'". 

(vi) By post-composing / with a product of a finite number of maps of 
the form ([2]) and one permutation map f„, and by using (iii), one can reduce 
the proof of the proposition to the case when each Wi is a word in yj, . . . , y„ 
only. For such / the proposition can be proved by induction on n using (i) 
and Lemma l2. 11 D 



Theorem 2.1 Let H be a group with generators yi,...,y„ and relations 
wi, . . . ,Ws, where wi, . . . ,ids are linearly independent. Let A := H/[H, H] 
be the abelianization of H . If hi, . . . ,hr € H map to linearly independent 
elements of A^Q then for any ti, . . . ,tr (z G there exists a homomorphism 
(j) : H ^ G such that (j){hi) = ti for i = 1, . . . ,r. 

Proof We may assume r = rank(^) . Choose a hft Zj G Fn of hi for each 
i and let 

/ : G" ^ G" 

be the map defined by the n elements wi, ... ,Ws,zi, ... ,Zr G F„ as in Propo- 
sition 12.11 Then the set of homomorphisms (j) as in the theorem can be 
identified with f~^{l, . . . ,l,ti, . . . ,tr). Thus, it suffices to show that / has 
non-zero degree, since this implies that / is surjective. 

Let A^ be the kernel of the projection tt : Fn —^ H, and let K be the kernel 
of the induced homomorphism r : Z" — )• j4. Then we have a commutative 
diagram 

1 — > N — > Fn ^ H — ^ 1 

a' I a I a" I 

— > K — ^Z"^ A — ^0 

where a, a" are the abelianization maps. Because vr maps the commutator 
subgroup of Fn onto the commutator subgroup of H, the map a' is surjective. 
But this just means that K is generated hy wi, . . . ,Ws, hence these elements 
form a basis for K. 

By the elementary divisors theorem [12] there is a basis 6i , . . . , 6„ for Z" 
and integers pi, . . . ,ps such that pibi, . . . ,Psbs is a basis for K. This implies 
that 6s+ii ■ ■ ■ ,bn map to a basis for A/T, where T is the torsion subgroup 
of A, and 

wi A- ■ ■ AWs = ±pi • • -psbi A • • • A 6„ = ±|T|6i A • • • A 6„. 

Therefore, by Proposition 12. II we have 

deg(/) = (det(u;i,...,Ws,zi,...,Zr-))™' 

= ±{\T\det{bi,...,bs,zi,...,Zr)r 
= ±{\T\detihi,...hr)r 

where h denotes the image in A/T of an element h ^ H. D 



Proof of Theorem \1.1[ Let 

C2 ^ Ci A Co 

be the cellular chain complex of X, so that Ck = Hk{X^,X^^^), where X^ 
is the A;-skeleton of X. Then X^ is homotopy equivalent to a wedge sum 
VnS^ of n circles for some n > 0. Let xq € X^ and do ^ S^ be base-points 
and fix a basis j/i, . . . , y„ for the free group 7ri(X^, xq). 

Let the 2-cells in X be numbered from 1 to s. For i = 1, . . . , s choose a 
base-point preserving map £i : S^ ^- X^ that is homotopic to the attaching 
map of the i'th 2-cell. Let Wi € 7ri(X^, xq) = -Fn be the class represented by 
£i. Then H := 7ri(X, xq) has the presentation 

H = {yi,...,yn\wi,...,Ws). 

Moreover, if aj S C2 is the generator corresponding to the i'th 2-cell then 

dai = Wi €Z" = Fi(Xi), 

where we identify Hi{X^) with its image in Hi{X^,X^). Thus, the assump- 
tion b2{X) = means precisely that wi, . . . ,ids are linearly independent, so 
the theorem follows from Theorem 12.11 D 

3 Homology and intersection numbers 

This section is concerned with the homology of certain quotient spaces Q* 
associated to the Lie group Sp(l) of unit quaternions. (Of course, Sp(l) ss 
SU(2).) 

We begin by explaining our orientation conventions. If W is an oriented 
manifold and Z <ZW an oriented submanifold then the normal bundle NZ 
will be oriented so that for any Euclidean metric in the tangent bundle TW 
the isomorphism 

TW\z = NZeTZ 

preserves orientations. If V is another smooth oriented manifold and / : 
V ^ W is transverse to Z then the submanifold f~^Z will be oriented such 
that the isomorphism N(f~^Z) -^ f*{NZ) preserves orientations. Given 
a smooth fibre bundle ir : P —^ V where P is oriented as manifold, the 
fibres F of vr will be oriented such that for any Euclidean metric in TP the 
isomorphism 

TP\F = TFeTT*{TV)\F 



preserves orientations. The latter convention prevents some annoying signs. 
In particular, if p € -F is a regular value of f : V —^ F and s the correspond- 
ing section of the product bundle F x V ^ V then f~^^{p) = s~^({p} x V) 
as oriented manifolds. 

We shall need an extension of the notion of intersection number defined 
in [7]. Let V, W, Z be as above. Suppose Z is closed as a subset of W and 
that 

dim V + dim Z = dim W. 

For any smooth map f : V ^ W such that f^^Z is compact we define the 
intersection number /(/, Z) as follows. Let g : V ^ W he any smooth map 
transverse to Z such that g is homotopic to / relative to a compact subset 
of V. Then we set 

I{f,Z):=#g-^Z, 

where # denotes the number of points counted with sign. If V is in fact a 
submanifold of W and / is the inclusion map then we define the intersection 
number V ■ Z := I{f, Z). 

Throughout this section we will use the notation 

G:=Sp(l), G':=Sp(l)/±l = S0(3). (3) 

For any natural number n we define a right G'~space P„ as follows. 
Let Pn '■= G" as smooth, oriented manifold, and let ^f € G act on P„ by 
conjugation with (7"^ in each factor. Since — 1 G G acts trivially, this right 
action of G descends to a right action of G' on P^. Let P^ be the open 
subset of Pn consisting of those points in P„ that have trivial stabilizer in 
G'. Since P„ is Hausdorff and G' is compact, the quotient space 

Qn '■= Pn/G 

is Hausdorff. Let Q* be the image of P* in Q„, which is an open subset 
of Qn- Then Q* has a canonical smooth structure such that vr : P* — )• Q* 
is a principal G'-bundle. It is easy to see that Q2 is diffeomorphic to M^. 
Each fibre of tt inherits an orientation from G', and since G' is connected, 
the base manifold Q* is orientable. Let Qn have the orientation compatible 
with the orientations of the total space and fibres of vr as stipulated above. 

Proposition 3.1 b^n-&{Qn) = "-(^ - l)/2- 

Proof. In this proof we use real coefficients for (co)homology. The propo- 
sition clearly holds for n = 2, so let n > 3. Set 

-tin -^ J~^n \ -fra) 



so that Rn consists of those n-tuples of elements from G such that aU ele- 
ments are contained in the same maximal torus. We will show that 

hn-6{Q*n) = b3n-3{P:) = b2{Rn) = n{n - l)/2. 

The last equality is a special case of results by Baird [2j, but we include a 
direct proof here for completeness. Identifying S"^ with the unit sphere in 
the space of pure quaternions (ie quaternions with zero real part) we have 
a surjective map 

Xn : 5"^ X T" ^- Rn, (x, z) ^ (Re(2:j) + Im(zj) • x)j=i,,,,,n, 



where T" := [/(!)" and z = (zi, . . . , z^). Clearly, Xn factors through a map 
Rn -^ Rn, where 

which is a smooth manifold. For each e € {—1, 1}" let B^^ ~ MP be the 
image of S^ x {e} C 5^ x T" in i?". Then Rn is obtained from Rn by 
collapsing each B^ to a point x^, where x^ 7^ x^i if e 7^ e'. Let N be 
a closed tubular neighbourhood of B := U^B^ in i?„ and set Z := Rn \ 
int(A^). Because each B^ is a rational homology ball it follows from the 
Mayer- Vietoris sequences for (A^, Z) and the image of {N, Z) in Rn that the 
projection i?„ -^ Rn induces an isomorphism 

HkiRn) 4 HkiRn) 

for each k. Now, H*(Rn) is isomorphic to the 1-eigenspace of the endomor- 
phism of H*{S^ x T") induced by the involution {x,z) — >■ {—x,z~^). This 
yields in particular 

b2{Rn)=n{n-l)/2. 

Using the fact that xi : 5^ x S*^ ^ i?i = S^ has degree 2, one finds that 
the inclusion Rn — ?> Pn induces a surjection {{^{Rn) — ?• {{^{Pn). Since 
H2{Pn) = the homology sequence of the pair {Pn,Rn) shows that the 
connecting homomorphism 

H'i{Pn-,Rn) -^ H2{Rn) 

is an isomorphism. 

Now observe that P„ and Rn are real algebraic subsets of M^". This is 
obvious for P„. To see that it holds for Rn, note that 

Rn = {{gi,---,gn) ^Pn\ QpOq = gqOp for 1 < p < g < ?!.} 



Therefore, by llOj both P„ and Rn admit triangulations. (In the case of Pn 
this is of course elementary.) By [16, Cor. 6.1.11 and Thm. 6.2.17] we have 
a Poincare duality isomorphism 

H {Pn,Rn) ~ H^n-1,{Pn)- 

We now apply the homology spectral sequence of the fibration P* — > Q*^. 
Since P„ is simply-connected and 

dim Pn - dim(S'2 x T") = 2n - 2 > 4, 

one can show by a transversality argument that P* = Pn\ XniS"^ x T"^) is 
simply-connected. Because the fibre G' of the bundle P* — >■ Q* is path- 
connected, we conclude that Q* is simply-connected. Hence the fibration is 
orientable and the E^-page of the spectral sequence is 

Since Q* is a non-compact (3n — 3)-manifold, we have H^n-siQn) = 0- 
Therefore, 

and the proposition is proved. D 

For each pair p, q of integers satisfying 1 < p < q < n we have a C- 
equivariant embedding 

P2^Pn, (5,/i)^(l,...,l,5,l,---,l,/i,l, •••,!), (4) 

where g and /i appear in the p'th and g'th place, resp. This map induces a 
topological embedding Ip^q : Q2 — )■ Qn that restricts to a smooth embedding 
Q2 ~^ Qn whose image we denote by Wp^q. Clearly, Wp^q = Ip^q{Q2) H 
Q* is a closed subset of Q*. Letting i, j denote the usual anti-commuting 
quaternions for the time being, the composition of the map 

Jp^q '■ Pn-2 -^ P-ni /^.x 

igi,...,gn~2) ^ {gi,...,gp-i,i,gp,... ,gq-2,j,gq-i,. ■ ■ ,gn-2)- 

with the projection P* -^ Q* is a smooth embedding Pn-2 — ^ Qn whose 
image we denote by VSg- Let Wp^q and Vp^ have the orientations inherited 
from Q2 and Pn-2, resp. 
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For each positive integer m let G act on G"^ by conjugation in each 
factor. This (left) action descends to an action of G' on C" and we have an 
associated bundle of Lie groups 

Em,n '■= Pn ^ ^ ~^ Qn- 

Because the action of G' on G™ preserves orientations, each fibre of Em,n 
inherits an orientation from G™". Since the base space Q^ is oriented, we 
get an induced orientation on the total space Em,n by the above convention. 
The fixed-point — 1 G G gives rise to a section of Ei^n whose image we denote 
by -1. 

For p, q as above the commutator map 

Pn^G, (51, • • • , Qn) ^ [gp, Qq] 

is G'-equivariant (in the sense that it intertwines the right action of h~^ on 
P* with the left action of h on G, for h € G') and therefore defines a section 
Qp^q of Ei^n- At this point we recall the following well known facts about G: 

Lemma 3.1 (i) Two unit quaternions anti-commute if and only if their 
real parts vanish and their imaginary parts are orthogonal. 

(ii) 1 G G is the only singular value of the commutator map 

P2^G, {g,h)^[g,h]. a 

It follows from the second part of the lemma that C,p^q is transverse to 
-1. Set 

Vp,q := Cp,i{-i) c q: 

as oriented manifold. 

Lemma 3.2 Vi^2 C Q2 consists of a single point, which is positively ori- 
ented. 

Proof. From Lemma F3.1l (i) we see that Vi^2 consists of a single point. The 
sign can be determined by an explicit computation, which we omit. D 

Proposition 3.2 In Q^ the following hold: 

(i) The suhmanifolds Wp^q and Vp^q intersect transversely in a single point, 
which is positively oriented. 
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(ii) Wp^q and Vpi^qi are disjoint for {p,q) ^ ip',q')- 

(iii) V;^g = {-l)P+1+%^q. 

Proof. Part (i) is a consequence of Lemma 13.21 whereas (ii) is trivial. 
Lemma |3. II (i) implies that Vlq = Vp^q as smooth manifolds. On the other 
hand, one easily checks that Wp^q ■ Vpq = (—1)^+''"'"^, proving (iii). D 

It follows from the proposition that the Ip.q's represent linearly inde- 
pendent classes in //3„_6((5ni Q)- Combining this with Proposition 13.11 we 
obtain 

Corollary 3.1 The oriented suhmanifolds {14j,ij}i<p<g<n of Q^ represent a 
basis for H3n-6iQn;<Q^)- 

Now let n = 2p, where p is a positive integer. The G'-equivariant map 

p 
cp : P2p^G, {gi,..., g2p) ^W[gi, gi+p] 

e=i 

defines a section Sp of Ei,2p, which is transverse to —1 by Lemma |3. II (ii). 
Set 

Mp := s-H-1) C Q*2p 

as oriented manifold. Because c^ ^(— 1) is a compact subset of P*, the space 
Mp is compact. 

The spaces Mp have been the subject of much research, see for instance 
|18j and the references therein. The following basic result might be known, 
but we have been unable to find a reference. 

Proposition 3.3 The class in Hqp^q{Q2p;Q) represented by Mp is given by 

Proof. It follows from Lemma 13.21 that 

We,i+p ■Mp = l, 

and one clearly has Wp^q n Mp = unless {p, q) = {^,i + p) for some i. The 
proposition now follows from Corollary 13.11 and Proposition 13.21 D 
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4 Representations and commutators 

We will now use the results of Section [3] to prove an existence theorem 
for representations of free groups into Sp(l), from which we will deduce 
Theorem O 

Suppose vq, . . . ,Vk are elements of the free group F„ such that vq is a 
product of commutators, 

p 

vo = Y[[ui,Ui+p], (6) 

e=i 

where ui, . . . , U2p € Fn- Set L := Z" and 

p 
X := y^ Ui A UiJ^p G K^L. 
i=\ 

In the appendix it is shown that A is in fact determined by uQ) but we will 
not need this fact. Let eo, • • • , Cfc S {=tl} with A; > and eo = — 1- 

Theorem 4.1 Suppose 

A A ui A • • • A Ufc / in A''+^L. 

Then there exists a homomorphisni tp : Fn ^ Sp{l) satisfying 

ipivi) = ei, i = 0,... ,k. 

As an application, let H be the group with generators yi,...,y„ and 
relations vq, . . . , Vk- Then ip induces a homomorphisni (j) : H ^>- S0(3) such 
that 

• the image of (j) is not contained in a maximal torus of SO (3), 

• (j) does not lift to a homomorphism H -^ Sp(l). 



Proof of Theorem \4-l\ ' We may assume k = n — 2. The set of equivalence 
classes of such representations Tp form a subset 7^ C Qn- In fact, because 
Vq is a product of commutators we have TZ C Q* . We will express 7^ in a 
different way, making use of ([6]). Let /o : Qn -^ Q2p be the map defined by 
ui, . . . , U2p- Then U := f^ Q^p is an open subset of Qn- Then 

f--=f(^\u--U^Qlp 
13 



is a proper map. The elements (f i, . . . , Vn-2) define a G'-equivariant map 

which in turn determines a section ^0 of En~2,n- Set ^ := ^o\u- Let £ 
denote the image of the section of En-2,n corresponding to the fixed-point 
(ei,...,e„_2)ofG"-2. Then 

n={fxO~HMpx£). 

We will show that the intersection number 

K:=I{fx^,Mpx£) 

is non-zero, which will imply that 7^ is non-empty. Note that the intersection 
number is indeed well-defined, since Mp and £ are closed subsets of Q2p and 
En~2,n resp. and f~^Mp is a compact subset of U. 

Proposition 4.1 k = det(A A -ui A • • • A Vn~2) 7^ 0. 

Proof. Choose a smooth map fi:U—^ Q2p that is transverse to Mp and 
that is homotopic to / relative to a compact subset of U . Then N := f^ Mp 
is a compact, oriented (3n — 6)-dimensional submanifold of U. Choose a 
smooth section ^1 of En~2,n\u such that ^iIat is transverse to £ and ^1 is 
homotopic to ^ relative to a compact subset of U. Then /i x ^1 is transverse 
to Mp X £, so 

K = #ihx^^r\MpX£) 

= I{^\n,£). 
For any v G Fn and 1 < p < n let degp(u) denote the p'th component of 

Lemma 4.1 The class in H3n-Q{Q*^; Q) represented by N is given by 

p<q 

where 

p 

^v,Q = X][^^Sp(«<?) deg^(n<?+p) - deg^(n<?) degp(n<;+p)]. 

£=1 
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Proof. That [N] can be expressed in the form ([7|) follows from Corol- 
lary O Set W-g := Wp^gHU. Then /p,g := f\y^,-^ : W'g -^ Ql^ is a proper 
map and 

p 
cp,, = Wp^g .N = Wp^g-N = I{fj,,g, Mp) = Y, I{fp,„ Vli+p). 

e=i 

Let V'pjg/ ■ P2 ^^ P2 be the composition of the embedding P2 -^ Pn in 
(jl]) with the map P„ — )• P2 defined by (it£,it£+p). From Lemma [3.21 and 
Proposition 12.11 we obtain 

I{fp,q^ ^i,i+p) = deg(V'p,g/) 

= degp(w^) degq{ue+p) - degg{ug) degp(u£+p). 

To prove the first of the above two equalities we choose a smooth map 
^ • ^p,q ~^ Q2P transverse to V^^^+p such that b is homotopic to fp^g relative 
to a compact subset of W~ . We then observe that any such homotopy can 
be lifted to a G'-equivariant smooth map B : Pj^liy- x [0,1] — )■ ^2*0 such 
that B{- ,0) is the map induced by ui, . . . , U2p. D 
Returning to the proof of Proposition 14.11 we have 



i{c\N,£) = Y.cp,gmv„„£) 

p<q 

^(-ir«+icp,,/(eiv;'„,^), 



p<q 

where the second equality comes from Proposition I3.2l (iii) . Set 

y := -ui A • • • A Vn-2- 

Because En-2,n\v' is trivial we have 

I{^\v^^,£) = deg{hoJp^g) = {-ir+i+'det{epAegAV), 

where Jp^g : Pn-2 -^ Pn is the map in ([5]) and ei, . . . ,6^ is the standard 
basis for L = Z". Thus, 

K = V^ Cp^q det(ep A eg A y) = det(A AV). D 
p<q 
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5 The second Stiefel— Whitney class of an SO (3) 
representation 

Let X be a finite, connected CW-complex with base-point xq, and let 

(j):H:=TTi{X,xo) ^ S0(3) 

be any homomorphism. Let X —^ X he the universal covering. A choice of 
base-point in X lying above xq makes X a principal i?-bundle, so we can 
associate to (p an S0(3)-bundle E^j, — )■ X, whose second Stiefel- Whitney class 
we denote by u!2{(p) S H'^{X;Z/2). The aim of this section is to describe 
ij02{4>) in terms of its value on any element of H2{X; Z/2). (A description of 
oj2{4>) ill terms of group cohomology can be found in [151 Section 3.1].) 

We will use the same notation as in the proof of Theorem ll.ll in Section[2l 
so in particular, C* denotes the cellular chain complex of X. Let c = 
Xli ^i ® Cj be any cycle in C2 (8) Zi/2, where Cj € Z/2. For each i choose 
a lift qi G Sp(l) of 4'{yi) € S0(3), and let ip : Fn ^ Sp(l) be the unique 
homomorphism such that ipdn) = qi- Then ip{wi) = ±1 for each i. 

Proposition 5.1 Let 5 denote the group isomorphism {±1} — ?• Z/2. Then 

s 

{uJ2{(t>), [c]) = ^ Ci5{i}{Wi)). 
i=l 

Here [c] € H2{X;Z/2) denotes the homology class of c. The proposition 
holds more generally for SO(A^) representations, A^ > 3, if one replaces Sp(l) 
by Spin(A^). 

Proof. Let J be the set of indices i G {1, . . . , s} such that Cj = 1, and 
let do £ S^ = dD^ be a base-point as before. Choose an embedding h : 
D^ X J ^ int(D'^) and a map g : D^ -^ X such that g{do) = xq and the 
following properties hold: 

• g maps the complement of the image of h into X^, 

• for each i £ J the map g{h{-,i)) : D^ ^- A is the characteristic map 
of the i'th 2-cen of X, 



• 



g\gi represents the element Yli^jWi of 7ri(X^,xo), where the product 
is taken according to some ordering of J. 



Let Y be the result of attaching a 2-cell to X with ^l^i as attaching 
map. Let / : y — > X be the cellular map obtained by combining g with 
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the inclusion X^ -^ X. Then /^ : H2iY;Z/2) -^ H2{X;Z/2) maps the 
non-zero element of H2{Y;'Z/2) to [c]. Set K := Tri{Y,xo) and let 7 denote 
the composite homomorphism 

K h H ^S0{3). 

Let y — >■ y be the universal covering, and choose a base-point in Y lying 
above xq- The base-point preserving map Y ^)- X covering / is equivariant 
with respect to f^, : K —^ H and induces an isomorphism E-y -^ f*E(f). It is 
now easy to verify the following equivalences: 

{UJ2{^), [c]) = ^^ a;2(7) = 

<^=^ E^ lifts to an Sp(l) bundle 

<^=^ 7 lifts to a homomorphism K -^ Sp(l) 



Y,Ci6iijiwi)) = 0, 



i=l 



where in the fourth equivalence we used the fact that V'dliG J ^«) ^® inde- 
pendent of the choice of the lifts qi since c is a cycle. D 

Proposition 5.2 // the image of (j) is contained in a maximal torus of 
50(3), then {uj2{(t>),z) = for every z e H2{X;Z). 

Proof. Let z be represented by a cycle c = Yli=i '^i'^i ^^ ^2, where Cj € Z. 
Then w := ni('"^i)'^' G F„ is a product of commutators. Since ijj takes values 
in a maximal torus of Sp(l), we have ^(w) = 1, so 

= 6{iP{w)) = Y^Ci6{iP{wi)) = {uj2{(t>),z). D 



6 A formula for fi 

We now give a formula for the 2-form fi in Theorem 11.21 that is useful for 
computations. Suppose the generator a G H2{X) is represented by a map / : 
S — )■ X, where S is a closed, connected surface of genus p. Let hi, ... , b2p be 
a symplectic basis for ifi(S), so for 1 < i < j <2p one has the intersection 
numbers 

^ |0 else. 
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For Q,/3 G H^i'^) one easily checks that 

p 

(a U /?, [S]) = J^ [(a, h){l3, h+p) - {(3, be) (a, 6,+p 

Letting bj denote the image of f*{bj) in Hi{X)/T we obtain 

(a U /3, 0-) = ^ ^(q, 6^) (/3, be_^.p) - {13, be) (q, be+p) 
e=i 

so that 

p 

/i = ^ 6^ A 6f+p. (8) 



7 Proof of Theorem 11.21 

We may assume r = bi{X). If is a homomorphism as in the theorem then 
by Proposition 15.21 the image of <j) cannot be contained in a maximal torus. 
We now prove the existence of (/>. We continue using the notation introduced 
in the proof of Theorem II. H except that we now assume the 2-celIs of X 
are numbered from to s, with corresponding generators ao, • • • , a^ of C2, 
so that H has the presentation 

H = {yi,...,yn\wo,...,Ws). 

We begin by modifying the relations in this presentation. Choose an 
invertible integral matrix M = {mij)o<ij<:s G GLs-i-i(Z) with 

s 

y^ ruioai = a. 

Choose an automorphism a € Aut(-Fs+i) that maps to M under the canon- 
ical surjective homomorphism Aut(Fs+i) -^ GLs_|_i(Z). Let p : F5+1 -^ F^ 
be the unique homomorphism with p{yi) = wi for i = 0, . . . , s, and set 

w[:=p{a{yi)), i = 0,...,s. (9) 

Thus, each w'^ can be expressed as a polynomial in wq, • • • , Ws, and con- 
versely, each Wi is a polynomial in w'q, . . . ,w'g. Hence, we have the new 
presentation 

H = {yi,...,yn\w'f),...,w'^). 
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Choose r]Q,. . . ,r]s G Z/2 such that for any cycle c = X^i=o '^i "^ ^i ^^ 
C2 fS) Z/2 one has 

(tZ7,c) = ^Q?7i. 

For j = 0, . . . , s set 

i 

where 6 is as in Proposition 15.11 Then 

eo = S^ (ro,(7) = —1. 

Lemma 7.1 Ifip'.Fn^- Sp{l) is any homomorphism such that ip{w'.:) = €j 
for each j then the induced homomorphism (j) : H ^ 50(3) satisfies uj2i<P) = 
w. 

Proof. For each j one has 

i i 

hence rji = 5{'ip{wi)) and the lemma follows from Proposition 15.11 D 
Abelianization of the equation ([9]) yields 



"^j 



'Jj = y^^mijWj. 
i 

In particular, 

w'q = da = 0, 

so w'q is a product of commutators, ie 

p 

1=1 

for some ui, . . . , U2p G Fn- 

We now express fj, in terms of the ug^s. First recall that the oriented 
model surface Ep of genus p is obtained from D^ by pairwise identification 
of certain segments of S^ . These segments parametrize 2p loops in Sp that 
in turn represent a symplectic basis bi, . . . ,b2p for Hi{Tjp). Choose a map 
f : T,p ^ X representing the generator a € H2{X) such that, in the notation 
introduced in Section [U the class hg € Hi{X)/T is the one represented by 
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l/jiWj 


for i = 1, . . . 


,r — 2 and j = 0, . 


with k = n - 


-2 and 



U£, for £ = 1, ... , 2p. (Compare the map g in the proof of Proposition 15.11 ) 
Then // is given by the formula ([8]). 

In the fohowing we use the notation of Section [3l For i = 1 , . . . , r — 2 let 
Zi € Fnhe a lift of 7, G H. To prove the theorem it suffices, by Lemma TTAX 
to find a representation ^ : F„ ^ G = Sp(l) such that 

= ej, tlj{zi) = l 

, s. To this end we will apply Theorem 14. II 

{vo,...,Vn-2) = iwQ,...,w'^,Zi,...,Zr-2) 

and ej = 1 for j > s. Recall that we have fixed a basis for the free group 
7ri(X^,xo), so we can identify Hi{X^) = L = Z". Let K denote the sub- 
group of L spanned by the linearly independent elements w[, . . . ,Wg. By 
the elementary divisors theorem we can find a basis di , . . . , d„ for L and 
integers mi, . . . ,ms such that {midi}i<i<s is a basis for K. This implies 
that {di} s+i<i<n maps to a basis for Ao := Hi{X)/T. Therefore, 

det(A A -iJi A • • • A Vn-2) = ±1^1 det(A A di A • • • A (is A zi A • • • A Zr-2) 

= ±|T| det(/i A 71 A • • • A 7,-2) 

since the natural map L — > Aq takes zi to 7^ and the induced map A^L -^ 
^Aq takes A to //. Theorem 14. II now guarantees the existence of the desired 
representation ^. This proves Theorem 11.21 D 

A Commutators and group homology 

The purpose of this appendix is to shed some light on the term A in The- 
orem [4Tl Let G be any group and H^{G) its group homology with integer 
coefficients. Let H^{G; Q) = H^(G) (81 Q be the homology with rational co- 
efficients. We identify Hi(G) with the abelianization of G. The image of an 
element x £ G in Hi{G; Q) will be denoted x. Let [G, G] be the commutator 
subgroup of G. 

Proposition A.l If H2{G) is a torsion group (or equivalently, ifH2{G; Q) = 
0^ then there exists a group homomorphism 

a: [G,G]^A2/7i(G;Q) (10) 

that sends any commutator [x,y\ to x Ay. 
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If H2{G) = then the proposition also holds if Hi{G; Q) is replaced by 
Hi{G) in dfoD. 

Proof. We use Miller's description |14j (see also [3j) of H2{G) in terms of 
commutators. Let (G, G) be the free group on all pairs (x, y) with x,y £ G. 
Let Z(G) be the kernel of the homomorphism {G, G) — > [G, G] that sends 
{x,y) to [x,y]. Miller shows that 

H2{G) « Z{G)/B{G), 

where B{G) is the normal subgroup of (G, G) generated by a certain subset 
E. Now let 

/3:(G,G)^A2//i(G;Q) 

be the homomorphism that sends (x, y) to x A y. It is easily verified that /? 
vanishes on E, hence on B{G). Since Z(G)/B(G) is a torsion group while 
A'^Hi{G;Q) is torsion free we conclude that /3 vanishes on Z{G). Hence /3 
descends to a homomorphism a as in the proposition. D 

Now let G be the free group i^„. Then H2{G) = 0, so in the notation of 
Theorem 14 . 1 1 we have 

A = a{vo). 
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